An arbitrary optical waveform can be measured using the technique called the 'petahertz optical oscilloscope' in which an electron trajectory in the process of high harmonic generation is used as a fast temporal gate. In the petahertz optical oscilloscope, a signal laser pulse that needs to be measured is superposed on a fundamental laser pulse that generates high harmonic radiation. The addition of the signal laser pulse slightly modifies the amplitude and phase of the harmonic radiation, which have information on the signal field. While these changes are imposed in the generation medium, the harmonic radiation is measured at the detector. Thus, one needs a special technique to find the phase modulation in the medium using the variation of the spatiallyresolved harmonic spectrum measured at the far field. We find that a simple estimation using the deflection angle of the harmonic radiation is not accurate enough for a broadband signal pulse. Here we introduce a phase retrieval approach for the reconstruction of the broadband signal pulse. Our calculations show that the broadband signal pulse can be accurately reconstructed using the phase retrieval approach.
Introduction
The temporal characterization of laser pulses is an important subject for studying light-matter interactions. An arbitrary time-dependent field of ultrashort laser pulses can now be measured by two approaches: the attosecond streak camera [1, 2] , and the petahertz optical oscilloscope [3] . Both techniques use the process of high harmonic generation [4] . The attosecond streak camera uses an isolated attosecond pulse obtained from high harmonic radiation to probe the timedependent field. The petahertz optical oscilloscope uses the electron trajectories in the process of high harmonic generation for the measurement.
In the attosecond streak camera, an attosecond pulse photo-ionizes an electron in the presence of the weak laser field which we call a signal field. Since the electron experiences the signal field from the moment of ionization, it may gain or lose momentum depending on the relative time delay between the attosecond pulse and the signal field. Thus, one can completely determine the signal field by measuring the momentum shift of the photoelectron spectrum as a function of the time delay between the attosecond pulse and the laser pulse [2, 5] .
One can roughly characterize the signal field from the momentum shift of the photoelectron spectra [2] . However, there is a more elegant way to extract information on the signal field from the photoelectron spectra, which is known as the frequency-resolved optical gating for complete reconstruction of attosecond bursts (FROG CRAB) [6] . The FROG CRAB is a phase retrieval approach that is initially developed for the characterization of attosecond pulses. However, the signal field can also be retrieved very accurately. Since the reconstruction algorithm uses a full two-dimensional (energy and time delay) data which is called a FROG trace, the reconstruction results obtained using the phase retrieval approach are very accurate and robust [7, 8] .
In the petahertz optical oscilloscope, we use the electron trajectory in the process of high harmonic generation as a fast temporal gate. Two laser pulses are used in the technique: the signal and the fundamental pulses. The weak signal field-the field that is to be measured-acts as a perturbation on the fundamental laser field that generates the high harmonic radiation. This signal field slightly alters the amplitude and phase of the high harmonic radiation. The phase shift of the harmonic radiation is proportional to the signal field. Therefore, the signal field can be determined if the phase shift of the harmonic radiation in the medium can be found using the variation of the spatial distribution measured at the far field [9] . A simple approach to find the phase shift of the harmonic radiation using the shift of the spatial distribution fails when the signal pulse has a broadband spectrum. In this work, we introduce the phase retrieval approach to retrieve information on the signal field from the spatial distribution of the harmonic radiation measured in the petahertz optical oscilloscope. We show that the broadband signal pulse can be accurately reconstructed using the phase retrieval approach.
Petahertz optical oscilloscope

Phase retrieval approach
High harmonic generation can be described by the three step model [4] . First, an electron can be liberated through tunneling ionization when intense fundamental laser field is irradiated on an atom. Second, the electron is accelerated after the ionization, and it is driven back to the parent ion in the next half cycle when the sign of the fundamental field is changed. When the electron recombines with the parent ion, the harmonic radiation is emitted with an energy of the electron kinetic energy plus the ionization potential of the atom.
The petahertz optical oscilloscope uses the electron trajectory in the process of high harmonic generation to measure the signal field. When a weak signal field is added in the fundamental field, it slightly alters the ionization time, the electron trajectory, and the recombination time. Thus, the amplitude and phase of the harmonic radiation are changed. While the amplitude of the harmonic radiation is changed mainly due to the change of the ionization probability at the ionization moment, the phase shift of the harmonic radiation is caused by the change of the action accumulated during the excursion of the electron (from the ionization to the recombination) and by the change of the recombination time [9] [10] [11] .
The spatial distribution of the harmonic beam at the far field (at the detector) is more sensitive to the phase change than the amplitude change in the near field (in the medium). This phase shift is imposed by the superposition of the signal field. Thus, it changes as a function of the time delay between the fundamental and the signal pulse, which is position dependent as t q
) in the non-collinear geometry shown in figure 1 . Here, τ is the delay of the signal pulse at = y 0. The phase modulation s e is also delayed depending on the observation energy ε, which is related with the emission time of the harmonic radiation. If one compares the delay of the phase modulation over a broad energy range, one can access information on the intrinsic chirp (also called attochirp) of the attosecond pulse [9] . However, this energy dependent delay can be neglected in this work because the whole pulse of the reconstructed signal is delayed. It only gives a constant time delay, which does not affect the temporal shape of the reconstructed signal field. Thus, the phase shift can be written in the length scale as s field harmonic beam as
Here, θ is the propagation angle, e k is the wave number of the harmonic radiation at the observation energy ε. e E near and e E far are the spectral amplitudes of the harmonic beam in the near and far field, respectively. Note that the phase retrieval problem is solved in space domain in which the angular spatial frequency is defined as q e k . However, the FROG trace is expressed with the propagation angle θ to represent with a physical quantity. The function - 
G y arg ( )].
As we change the time delay, the far-field spatial distribution of the harmonic beam is changed due to the phase gradient imposed on the near-field harmonic beam. One can directly estimate the first-order phase modulation s y d d ( ) from the shift of the far-field harmonic beam [3] . However, there are two potential problems in this simple approach.
First, the wavefront of the harmonic beam can be curved [9, 12] . When the sinusoidal phase modulation is imposed on the curved wavefront, the spatial distribution of the harmonic radiation is shifted due to the first-order phase modulation. At the same time, however, the divergence of the harmonic beam can also be changed due to the second-order phase modulation of the oscillating signal field s y d d . 2 2 ( ) Thus, the simple estimation based on the first-order approximation would produce artifacts in the reconstruction. Second, the harmonic beam can be diffracted if multi-cycle phase modulation is imposed on the harmonic beam. If the harmonic beam is diffracted, the phase information will be lost. The multi cycle phase modulation can be imposed if the signal wavelength is short or the superposition angle q p is too large. For a broadband signal, a simple waveform estimation based on the firstorder approximation would result in systematic errors in the waveform measurement. Thus, a reliable method to reconstruct the signal field from the spatial distribution of the harmonic beam is required.
It should be noted that the equation (1) has the form of the spectrogram in which the amplitude and phase modulation imposed by the signal field works as a temporal gate function e G y .
( ) and the gate function e G y ( ) [7, 8] . The signal field can be obtained from the phase shift s e . For the long wavelength signal, the wavelength of the signal field is much longer than the duration of the electron trajectory. The phase shift is simply proportional to the signal field [i.e. s µ e E t . s ( ) ] However, if the signal field contains short wavelength components, the single atom response to the signal field should be taken into account [13] . The proportional constant is a complex number that depends on the signal wavelength. The signal field can be obtained from the relation
Here, w A and F w are the amplitude and phase correction factors that can be obtained from the theoretical calculations [13] .
SFA model description
To demonstrate the reconstruction of the signal field, we calculate the far-field spectrum of the harmonic radiation. The near-field harmonic radiation is calculated using the strong field approximation model in which the ionization rate is obtained by the Yudin-Ivanov model [14] , and the electron trajectories are classically solved [15] . High harmonic radiation generated from a half optical cycle is selected to mimic the generation of the isolated attosecond pulses from atoms distributed along a line in the transverse direction y as shown in figure 1 . The spectral amplitude of the near-field harmonic Figure 2(a) shows the harmonic spectrum calculated from Ne atoms. The signal pulse has a complicated temporal shape. The duration of the signal pulse is 5.4 fs in the full width at half maximum. The center wavelength is 800 nm for both the fundamental and the signal field. The beam size of the fundamental is 30 μm.
To see a clear modulation of the propagation angle of the harmonic beam, the angle between two pulses q p should be optimized according to the signal wavelength l .
s If q p is too small, the deflection of the harmonic beam will be small. If q p is too big, the harmonic beam will be diffracted and the phase information will vanish. We find that a clear shift of the harmonic beam is observed when the phase gradient of a half wavelength of the signal field is imposed on harmonic beam. Thus, the angle of the signal beam is selected by the relation q l
Here, w X is the beam size of the harmonic beam. In the case shown in figure 2 , the harmonic beam size is 14.6 um at 40 eV and the signal wavelength is centered at 800 nm. Thus, the angle of the signal pulse is set to be q = 20 mrad p . After the superposition of the signal field, harmonic spectra are calculated as a function of time delay. Vertical lineouts of the harmonic spectra at the observation energy of 40 eV are added side by side as a function of time delay as shown in figure 2(b) . The signal pulse can be reconstructed by two different ways. First, we reconstruct the signal pulse by finding out the shift of the spatial distribution of harmonics at the far field. The center of the Gaussian distribution was fitted for each time delay to obtain s t figure 2(b) . In both cases, the single atom response is taken into account using the equation (2) to find the signal pulse from the phase shift s e . For this signal pulse, both approaches accurately reconstruct the amplitude and phase of the signal pulse as shown in figures 2(d) and (e).
Now we examine the case of the signal pulse that has a broad bandwidth. The FROG trace is calculated with a positively-chirped 2.3 fs signal pulse as shown in figure 3(a) . The reconstructed FROG trace obtained using the PCGP algorithm is in figure 3(b) which shows an identical shape to figure 3(a) . The reconstructed spectral amplitude and phases are shown in figure 3(c) . Unlike the relatively narrow bandwidth signal shown in figure 2 , the signal field obtained using Gaussian fitting fails to reconstruct the original signal field. However, the reconstruction obtained using PCGP algorithm reproduces the overall shape of the spectral intensity and phases. The reconstructed temporal profile of the signal fields are shown in figure 3(d) . The electric field of the signal field is very well reconstructed using PCGP algorithm whereas the simple reconstruction using Gaussian fitting fails to reproduce the original signal field when the signal spectrum covers a broad bandwidth.
The spectrum of the signal pulse reconstructed using Gaussian fitting is considerably narrower than that of the original signal pulse even if the single atom response is corrected. This is mainly due to the diffraction pattern appeared in the far-field spatial distributions. The FROG trace in figure 3 (a) modulates up and down at the beginning of the pulse (τ<0), but it starts to diffract (near 0 fs) [16] . Thus, the simple approach that uses Gaussian fitting fails to retrieve the signal field.
In the real experiment, the accuracy of the reconstruction would be tested by comparing the reconstructed spectrum to the spectrum measured with a grating based spectrometer. However, the two spectra should be carefully compared. Since the petahertz optical oscilloscope is a time-domain measurement, the reconstructed spectrum will only contain the information of the pulse for a finite time span. On the contrary, the spectrum measured with the grating based spectrometer shows the spectrum of the entire signal pulse. This difference should be taken into account for the comparison.
Conclusion
In summary, we demonstrate the reconstruction of timedependent optical pulses using the phase retrieval approach in the petahertz optical oscilloscope. The petahertz optical oscilloscope measures an arbitrary optical field with all optical experiment setup which is more efficient than the attosecond streak camera. However, the technique should be carefully implemented for a broadband signal. With the phase retrieval approach that we present here, the broadband signal could be reconstructed very accurately.
